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MUC LUC

Loi gidi thi¢u
1. Mot sb bit dang thirc xac suat thuong gip

2. Mot s6 vi du tng dung



LOI GIOI THIEU

B4t ding thuc 14 mot van dé& quan trong caa toan hoc. N6 1a mot dang toén
tuong doi kho va thuong khéng c6 mot phuong phap nao danh riéng dé giai quyét
mot loat c4c bai toan nay. M&i mot hoc phan toan trong chuong trinh dai hoc, sinh
vién ciing s& duoc tiép x(c vai nhitng bat dang thac khac nhau. Trong mdn hoc xéac
suat théng ké ciing vay. CO rat nhiéu bat dang thirc xac sut rat thi vi va cé nhiéu
tng dung trong Ii thuyét cling nhu thuc té. Vi mong mudn cung cap thém tai lidu
dé sinh vién c6 thé tu hoc, trong ndi dung bao cdo nay, tdi tap chung nghién cau
nhitng bat dang thirc xac suat quen thudc, gan giii va cé nhiéu vi du thyc tién, dugc
trng dung vao bai tap trong hoc phan xé&c suat thong ké giang day tai truong Dai hoc
Mo - Dja chét.

B4o c40 hoc thuat chia 1am hai phan

Phan 1: Trinh bay vé mét s6 bat ding thirc x4c suat thuong gap

Phan 2: Trinh bay mot s6 vi du @ng dung.



1. Mot s6 bat dang thirc xac suat thwong giap
1.1. Bét dang thirc Markov

Pinh li. Cho X 1a mot bién ngau nhién nhan gia tri khong am. Khi d6, véi moi a = 0

ta céd
E[X]
P(X>a) <—
a
Chang minh. Xéttap A = {w € Q: X(w) = a}. Ta phai ching minh
E[X]
P(A) < T

That vay, goi I, 12 bién ngau nhién nhan xac dinh béi I,(w) =1 néu w € 4 va
LL(w)=0néuw ¢ A. Tacd
a.l,(w) < X(w),Vw € Q.
Suy ra
Ela.l,] < E[X] © aP(4) < E[X]

E[X]
© P(A) <—
a

B4t dang thic Markov cho phép ching ta lién hé gitra x4c suat véi ki vong cua bién
ngau nhién. Trong trudng hop X 1a bién ngau nhién bat ki, bat dang thirc Markov c6
thé biéu dién duéi dang
ElX|
P(|X| = a) <—.
a
Tuy nhién, nhu ta thay ¢ trén thi diéu kién dé c6 bat dang thirc Markov van can bién
ngau nhién 1a khong am. Bé khac phuc diéu nay, ta co bat dang thirc Chebyshev sau
day.
1.2. Bat ding thirc Chebyshev
Pinh li. V&i moia > 0 tacd
Var[X]
a?

P(IX —E[X]| = a) <



Chung minh. Do bién ngau nhién (X — E[X])? = 0 nén ta cd thé &p dung bat dang
thirc Markov.
P(IX —E[X][za)=P((X —-E[X])’>a’)
< E[(X —E[X])?] _ Var[X]

a’ a’

Tong quat hon ta c6

E[X —EX[f
ud '

P(|X ~E[X][>u) <inf
q>

Ca hai bat dang thire Markov va Chebyshev déu xac dinh giGi han xéac suat khi biét
Ki vong va phuong sai ctia bién ngau nhién nhung chua biét phan phdi xac suat cua
bién ngiu nhién do.
Mot hé qua nita cia bat dang thic Markov 1a bat dang thirc Chernoff sau day:

1.3. Bat dang thirc Chernoff
Pinh li. Vi bién ngau nhién X bat ki ta c6

P(X = a) < infe S*E[esX].
S

Chtng minh. Ap dung bat dang thiic Markov, véi moi x € R ta c6

E[eSX]

_ X
P(X =a) =P(es* = e’ < P

Suy ra
P(X = a) < infe S2E[eSX].
S

1.4.  Luat sé lén Chebyshev
Dinh Ii. Cho X4, X, ..., X,, 1a ddy céc bién ngiu nhién doc lap cé ki vong va phuong
sai htru han. Khi d6 ta co
X1 +X2++Xn EX1+EX2++EXn

n n

lim P(

n—oo

>s)=0.

Chting minh. Pt S, = M Ta co

o _EX A EXy 4+ EX,

n n
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Theo gia thiét phuong sai cac bién ngau nhién 1a doc 1ap nén tdn tai C > 0 sao cho
DX; <C, i =1,2,...,n. Vi cac bién ngau nhién 13 doc 1ap nén

Sp = <— ==

n =

n? —n? n
Ap dung bét dang thirc Chebyshev ddi véi bién ngau nhién S, ta duoc
P<X1+X2+"'+Xn EX1+EX2+"‘+EXn

n n
1.5. Bat dang thirc Cauchy -Buniakowski

Pinh nghia. Véip > 0, ki hiéu LP? = LP(Q, F, P) la tap hop cac bién ngau nhién X
xac dinh trén (Q, F, IP) sao cho E|X|P < oo. Khi d6, voi X € LP ta ki hiéu

I1X1l, = (EIX|P)'/P

> e) — P(|S, — ES,| > ¢)

C .
< — - 0khin - oo.
ne

la chuan bac p cua X.
Pinh li. Giasu X,Y € L£2.Khi @6
EIXY| < [IX1I21IY 1l

Chtrng minh. Néu || X||,||Y|l, = 0 thihoic X = 0 h.c.choicY = 0 h.c.c vado do
E|XY| = o.

Gia st || X|[,)IY|l, > 0. Ap dung bat dang thirc so cap 2|ab| < a? + b? ta dugc
ZE( |XY] ><E< X >+E< v >—2
X171/~ \IIXI3 Y115

EIXY| < IXI[21Y1l2.

Suy ra

Ta c6 diéu phai chang minh.
Mot &p dung cua bat dang thiic Cauchy — Buniakowski 1a danh gia
|E(X — EX)(Y — EY)| < E|(X — EX)(Y — EY)| < DXDY.

Suy ra, hé s6 twong quan p(X,Y) thoa man



EX —EX)(Y —EY)| _
DXDY =

lp(X,Y)| =

Do d6, ta c6 tinh chat quan trong cua hé sé twong quan
—1<pX,Y) < 1.
1.6. Bt @ang thirc Holder
Pinh Ii. Gia st p, g € (1, ) théa man % + 5 =1VvaX € LP,Y € £9.Khi d6
EIXY| < [IXI[, 1Y l4-
Chuang minh. Ham f(x) = xP ¢6 f''(x) = p(p — 1)xP~2 > 0 véi x € (0,). Nén
£(x) 1a ham 16i trén (0, ). Ta duoc

f)—f)=fDx-1)

1
a

Hay x? —1>p(x —1). Thay x = (= 5,(a>0,b > 0) ta duoc
b

a a 1,1 a b 11
———2>aPb P —-—b &S —+— = abPbp.
p p

IXIP s Y19 s LA 12 A

Thay a = —% va b = — vao bat dang thuc trén ta dugc
Ix1b g
1 1 E|XY|
1 >

~p T LIV,
Néu E|X|PE|Y|? = 0 thi bat dang thac 1a hién nhién.
1.7. Bat dang thirc Jensen
Pinh Ii. Néu ham £ (x) 1a ham 16i thi vai X 1a bién ngiu nhién bat ki ta c6
E[f(X)] = f(EIXD.
Chtg minh. Pit x, = E[X]. Vi ham 16i £ (x) ta ludn c6
f(x) = fxg) + f'(x0) (x — x0), Vx.
L4y ki vong hai vé ta duoc
E[f(X)] = f(x0) + f'(x0) (EX — x0)
= f(ELX]) + f'(x0)-0 = f(E[XD.
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Ta c6 diéu phai chang minh.
2. Mt sé vi du &ng dung
Vi du 1. Gia sir s6 phé pham cia mot nha may trong mét thang 1a mot bién ngau
nhién cd trung binh u = 30.
a. CO nhan xét gi vé& xac suat s6 phé pham trong thang nay vuot qua 120 san
pham.
b. Véi phuong sai bang 25, hay tinh x&c suat phé pham thang nay nam trong
khoang (40,60) san pham.

Loi gidi.
a. Ap dung bat dang thic Markov ta duoc
P(X > 120)2@=£=E.
120 120 4
b. Ap dung bat dang thicc Chebyshev ta c6
Px —50] > 10) < LXE _ B _ o6
102 100

SuyraP(40 < X <60)=P(|X—-50/<10)=>1-0,25=0,75.

Vi du 2. A choi mét tro choi rut 1a bai vai luat choi nhu sau: Pua cho A mot bo bai va A
lan Iuot rat mot quan bai rdi kiém tra mau sic quan bai dé. Xac dinh gigi han cho xéc suat
A rat duoc quan do it nhat ¥ s6 1an béc bai.

Loi giai.

Gia sir X; 1a bién ngau nhién nhan gia tri 1 néu A rat duoc quan do, nhan 0 néu A rat duoc
quanden (i = 1,2,...,n). VaX = X; + X, + - + X,, 1aténg s6 lan A rat dugc quan do.

D& thiy EX; =§,i =12,..,nnén EX =2,

Str dung bat ding thirc Markov ta duoc
P (X > En) < % = z
23")=3 "3
4
Vi du 3. Gieo mot dong xu khong can di 200 lan va nhan thay rang xac suat xuat hién mat
ngtra 13 1/10. Hay dwa ra mét chin trén cho xéc suat sé 1an mat ngira xuat hién it nhat 120
lan.



Lai giai.
S6 lan xuat hién mat ngira trong 200 1an gieo 1a mot bién ngau nhién X c6 phan phéi nhi
thac véin = 200 vap = 0,1. Taco EX = np = 20.
Ap dung bat dang thitc Markov ta dugc
E[X] 20 1
> <l _Z
PIX =120) < 120 120 6
Vi du 4. Gia sir X 1a bién ngau nhién c6 ki vong va phuong sai déu bang 16. Hiy dua ra
ude lugng cho P(0 < X < 32).
Loi giai. Taco
P(0<X<32)=P(K-16<X—-16<16)
=P(lX—-16|<16)=1-P(]X — 16| = 16)
 _ElX-16 16 _15
- 162 162 16
Vi du 5. Mot 16ng quay ¢6 5 qua cau dugc danh cac sé chan khac nhau tir 0 d¢én 8. Quay
200 lan long quay nay, céac lan quay doc 1ap. Mdi lan quay lot ra mot qua cau. Goi X 1a
tong céc so trén cac qua cau lot ra trong 200 lan quay. Hay danh gia theo bat dang thic
Chebyshev dai lurong

P L—4‘ >0,5|.
200
Loi giai.
Y = ( S6 chon dugc khi quay long quay); Y €{0,2,4,6,8} .
Ta c6 bang phan bé cua Y:

Y 0 2 4 6 8

P |1 1 1 1 1
5 5 5 5 >
EY :%(0+2+4+6+8)=4;VY —EY?—(EY)

=%(02+22 +4°+6°+8°)-4" =8,

Y, =(s6 chon duoc & lan quay 1ong lan thtr i);i =1,200. Céc bién ngau nhién Y, doc lap
cuing phan phdi véi Y.
200

bat X =YY, . Xét z:%.Tacé

i=1



1 200 1 200 1 200 1
EZ=E| = Y, |===E| DY, |===| D EY, |==—-.2004=4
20043 200 ‘T 200\ 1= 200

X 1 1 200 1 200 1 1
DZ=D| — |=—=D((X)= D Y, |=— DY. | = .200.8=—.
(200) 2002 ) 2002 [le j 2002 (le j 2002 25

Ap dung bt dang thirc Chebyshev:

1

P[lz-Ez|>0,5]< 22 :>PH X —4‘20,5}3 25 _0,16.
0, 0

5 200 2
Vi du 6. Thu nhap binh quan hang ndm cta dan cu mét vung la 700USD va d¢ Iéch
chuan 1a 120USD. Hiy xac dinh mot khoang thu nhap hang nim quanh gia tri trung
binh cua it nhat 95% dan cu ving do.
Loi giai.
Goi X la thu nhap hang nam cua dan cu vang d6 thi X 13 bién ngau nhién véi quy luat
phan phdi xac suat chua biét nhung ki vong toan EX=700 va d6 léch chuan o, = 120.
Ap dung bat dang thiic Chebyshev ta co

VarX
P(|JX—EX|<&e)=1- )

Suy ra

1207
P(lX—-700|<e)=>1—- = 0,95.

g2
Tir d6 ta tinh dugc € = 536,656. VAy it nhat 95% dan cu ving d6 c6 thu nhap trong
khoang (700-536,656; 700+536,656), tirc la trong khoang (163,344; 1236,656).




KET LUAN

Béo c40 da trinh bay vé mot sb bat dang thirc xac suat quen thudc nhu bat dang
thirc Markov, bat dang thirc Chebyshev, bat dang thirc Cauchy-Buniakowski, bat
dang thiee Jensen. .. Tai liéu c6 thé dung 1am tai liéu tham khao cho giang vién,
sinh vién, lam sinh dong thém nhitng ung dung cua mon xac suat thong ké d6i voi
cac van dé thyc tién trong cudc séng. Tuy nhién, day chi 1a mét noi dung nho trong
v0 van nhitng rng dung thd vi caa mon hoc nay. Trong thoi gian téi, tc gia sé tiép
tuc tim hiéu thém nhiéu (ing dung thyc té cua Toan hoc ndi chung va mon xac suat thong

ké noi riéng, dé ngay cang nang cao chat luong bai giang hon.
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